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Introduction 
This paper deals with unital commutative algebras over fields and with some 
relations between their structure and their singular extension theory. The classical 
result in this context is the following: A noetherian algebra over a perfect field k is 
regular (all localizations at prime ideals are regular local rings) if and only if it is 
formally smooth over k (every infinitesimal extension is trivial, i.e. admits a 
k-algebra section) (cf. [2]). Weakening the concept of formal smoothness we get what 
we call L-algebras: every infinitesimal extension of such an algebra admits an 
embedding in a trivial infinitesimal extension. It turns out that L-algebras are exactly 
those whose cohomology functors in the sense of Gerstenhaber and Barr (cf. [ 11) may 
be obtained as derived functors of the functor of derivations, i.e. which vanish on 
injective coefficients (except in the lowest dimension) (cf. [7]). 
Since we are dealing with a generalization of the concept of regularity (at least over 
perfect fields), we are interested in to what extent we have conserved “good” 
structure. The results are the following: 
Noetherian L-algebras over perfect fields are analytically unramified (in all 
localizations at maximal ideals). Homomorphic images of regular noetherian alge- 
bras over perfect fields are L-algebras if and only if the ideal factored out is 
semi-prime and its square has no embedded primes. Locally complete intersections 
(appropriately defined) are L-algebras (whenever the groundfield is perfect), but the 
Cohen-Macaulay property is neither necessary nor sufficient for the L-property. 
There are Gorenstein domains over fields which are not L-algebras. As a by-product 
(cf. Corollary 4.4) we obtain a nontrivial characterization of a certain class of ideals in 
polynomial rings over fields. 
Contentions. In the following k will be a fixed groundfield, “k-algebra” will mean 
“unital commutative k-algebra”, all k-algebra homomorphisms will be unitary, and 
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so will be all modules. Tensor products are always over k (unless otherwise 
specified). 
1. Preliminaries 
Let A be a k-algebra, and let Derl,(A, -) be the functor of k-derivations (from 
A-modules to A-modules). There is a fundamental functorial isomorphism 
Derk(A, -) = HomA(&,k, -), where flA/k is the A-module of k-differentials for A 
(see [2] for details). We shall identify these two equivalent functors and define the 
sequence of nth cohomology functors for A by 
(H”(A, -))“ao = (Ext:(&,,, -))nz=o 
i.e. as sequence of derived functors of the functor of derivations. 
For n B 1 let n-Ext(A, -) be the nth Yoneda-functor (from A-modules to A- 
modules), i.e. Gerstenhaber-Barr’s (n + 1)st cohomology functor (cf. [l]). Note that 
1-Ext(A, -) = ExakOmk(A, -) = H:(A, -)’ 
in the terminology of [2], and that any versa! infinitesimal (short generic, cf. [l]) 
extension 0 + K --, F + A + 0 of A gives rise to functorial isomorphisms 
n-Ext(A, -) = Exti-‘(K, -) for all n 2 2 
(see [l], proof of Theorem 3). 
Let E = O+ M + B + A + 0 be an infinitesimal (short singular) extension of A, 
then there is a derived sequence of A-modules and A-homomorphisms 
diff (E) = 0 + M + as/k OeA * flA/k + 0 
where everything is exact except possibly 0 + M + f2 n/k @*A (see [2] for details). We 
shall say that E allows a split-embedding, whenever there is a trivial infinitesimal 
extension O+ N + C -, A + 0 of A such that M c N, B c C, and such that the 
following diagram is commutative: 
O+M+B+A-*O 
A n II 
O+N+C+A+O. 
Proposition 1.1. For a k-algebra A the following statements are equivalent: 
(1) diff(E) is exact for every infinitesimal extension E of A. 
(2) Every infinitesimal extension of A allows a split-embedding. 
(3) diff (EO) is exact for at least one versa1 infinitesimal extension Eo of A. 
(4) At least one versa1 infinitesimal extension of A allows a split-embedding. 
(5) Every infinitesimal extension of A by an injective A-module is trivial. 
(6) For all n > 1 there are functorial isomorphisms H”(A, -) = n-Ext(A, -). 
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(7) T1(Alk, A) = 0, where T1 is the first lower cotangent functor of Lichtenbaum- 
Schlessinger ‘s. 
Proof. See [7], Proposition 3 for the equivalence of (1) to (6), and [4], 3.1.2, for the 
equivalence of (7) and (3). 
A k-algebra A satisfying one (and hence all) of the above conditions will be called 
an L-algebra (L stands for “linearizable with respect to singular extension theory”). 
Any (discrete) formally smooth k-algebra A is an L-algebra over k (since it admits 
only trivial infinitesimal extensions). 
2. Some basic observations 
Let R be a k-algebra, I an ideal of R. 
Define D(I) as the set of all f E Z, such that d(f) E I for ail d E Derk(R, R). Then 
D(I) is an ideal of R and I* c D(Z) c I. 
It is obvious that D respects intersections of ideals. Note that if Z is a primary ideal 
of R, then D(I) is primary too: For let f, g E R be such that fg E D(I), i.e. fg E I and 
d(fg)c Z foralld E Derk(R, R). AssumefeD(I).Then eitherfg 1,whenceg” E I for 
some n 2 1, and consequently g”+’ E D(Z), or f E Z but d,Jf)e I for some dog 
Dert(R, R). But gdo( f) = do( fg) - fdo(g) E I implies again g” E I for some )I 3 1, i.e. 
g n+l E D(I). 
Lemma 2.1. Let R be a k-algebra such that 0 ~,k is a free R-module, and let A = R/I 
be a factor algebra of R. Then 
0 + I/I= --, flRIk ORA + RAIk + 0 
is exact if an only if D(I) = I*. 
Proof. Let d: R + 0~~~ be the universal k-derivation for R, and let {w,, a E i\} be an 
R-base of RR/k. Define p_ E HomR(RR,L, R) by 
and let d, E Derk(R, R) be the corresponding k-derivation of R, for all a E .I. 
An arbitrary d E Derk(R, R) admits a unique factorization d = t’ 0 8 with u E 
HomR (RRjk, R), whence 
d(f)=Eu(w,)d,(f) forallfER 
(note that d,(f) = 0 for almost all (Y E A). Consequently 
D(I)={f~Z:d,(f)~Iforalla~A}. 
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Consider now the sequence 0 + I + R If A + 0 and the derived module sequence 
I/I2 4 RR,~ OR A + R..,,k -* 0 
where S is given by 
S(f mod 1’) = 8fO 1 = (x d,(f)w,)O 1 
= c @a Oco(d,(f)). 
Then it is immediate that Ker 6 =0(1)/I’. 
Corollary 2.2. Let R be a formally smooth k-algebra such that &IL is a free R-module 
(for example if R is a polynomial ring over k or a localformally smooth k-algebra ), and 
let I be an ideal of R. 
Then A = RfI is an L-algebra if and only if D(I) = I’. 
Proof. Proposi’tion 1.1(3) and Lemma 2.1. 
The following proposition shows that the concept of an L-algebra is not too 
exclusive. 
Proposition 2.3. Let A be a k-algebra. Then the following statements are true: 
(1) If k + Kis a field extension, then A is an L-algebra if and only if AK = K@A is 
an L-algebra (over K). 
(2) If every k-subalgebra of finite type of A is an L-algebra, then so is A. 
(3) If A is an L-algebra, then every localization S-IA of A is an L-algebra. 
Conversely, if A, is an L-algebra for every maximal ideal m of A, then A is an 
L-algebra. 
(4) Let cp : A + A0 be a split k-algebra surjection. If A is an L-algebra, then Ao is an 
L-algebra too. 
(5) If A and B are L-algebras, then so is A 0 B. 
(6) Let A[X] be the polynomial ring in one indeterminate over A. 
A[X] is an L-algebra if and only if A is an L-algebra. 
Proof. (1) By [4], 2.3.3, we have 
TlWk, A)OK = TI(AK/K, AK), 
which implies the required result. 
(2) Choose a free presentation 0 + Z --, Fs A + 0 of A, where F = k[X,, (Y E A]. 
Let p be an element of D(Z), and let {Xa,, . . . , X,,} be the set of indeterminates 
occurring in p, and lo = I n k[X,,, . . . , X=,1. Now, p E DUO), and D(ZO) = I:, since 
B = cp(kCX,,, . . . , X,“]) is an L-algebra by assumption (cf. Corollary 2.2), whence 
p E I’, so that we are through by Corollary 2.2. 
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(3) By [4], 2.3.4, we have 
S-‘TJA/k, A) = TW’A/k, S-IA) 
which yields immediately what we want. 
(4) By Proposition 1.1 (2) we have to show: Every infinitesimal extension 
0 + MO + B0 + A,, + 0 of A0 has a split-embedding. First we observe that there is an 
embedding 
which arises in the following way: 
Identify the upper row with the infinitesimal extension of A0 defined by an 
appropriate unital commutative factor set h :Ao@Ao-*Mo. Then the lower row is 
given by the factor set 
The embedding is defined by a k-algebra section LY :Ao+ A of cp. Now, A is an 
L-algebra, hence O+ MO+ B + A --* 0 has a splitting-embedding which can be 
“shrunk” to a split-embedding of 0 + MO + B. + A0 + 0. 
(5) By Proposition 1.1 (6) we have to show: For all n 2 1 there are functorial 
isomorphisms 
H”(A@B, -)=n-Ext(AOB, -) 
Now, for every A 0 B-module M and all n 5 1 we have 
n-Ext(A 0 B, M) = n-Ext(A, M)On-Ext(B, M) 
functorially in M (cf. [l]. Theorem 7). On the other hand, the same arguments as in 
the proof of [l], Theorem 7, yield also 
H”(AOB, M) = ExG&(RA~a,k, M) 
= ExtW&‘/,,k, M)OExt;;(f&,k, M) = H”(A, M)OH”(B, M) 
(since f2*@n,k = (L?,,, @B)O(AOfI,,k)) and we get the required result. 
(6) This is an immediate consequence of (4) and (5), since k[X], the polynomial 
ring in one indeterminate over k, is formally smooth over k, hence an L-algebra a 
fortiori. 
Proposition 2.4. Let A be a noetherian local k-algebra (with maximal ideal m, and 
residue field K = A/m ), and let a be its m-adic completion. 
If A is an L-algebra, then so is A. 
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Proof. In the set-up of lower cotangent functors of Lichtenbaum-Schlessinger 
(cf. [4]) we have to show: 
Tl(A/k, A) = 0 implies r,(a/k, A) = 0. 
Consider first the exact sequence 
T,(A/k, A,+ T&k, A,+ T&A, A,. 
Since T,(A/k, A) = T,(A/k, A)OAA, we need to show only Tl(A/A, A) = 0. Now, 
the exact sequence 
Tz(K/A, A,+ Tz(K/A, A,+ T&A, A,+ TJK/A,d)+ T,(K/A,A, 
makes sense, since A admits a coefficient field (i.e. a subfield mapping isomorphically 
onto K = &ti). Furthermore, the first and the last arrow are isomorphisms by [4], 
2.3.2 (set A’ = A, B = K, B’ = K = K OA A). Consequently we get T,(d/A, d) = 0. 
3. L-algebras and analytic ramification 
We shall call a commutative ring (with unit) R analytically unramified if and only if 
for every maximal ideal m of R the mR ,-adic completion 2, of R, is reduced (i.e. 
has no nilpotent elements other than zero). 
In this section we shall prove: 
Theorem 3.1. LetA be a noetherian algebra ocera perfectfield k. If A is an L-algebra, 
then A is analytically unramified. 
Let us begin with an easy but helpful lemma: 
Lemma 3.2. Let q : A + B be a homomorphism of k-algebras such that Spec cp :
Spec B + Spec A is an open immersion. If A is an L-algebra then so is B. 
Proof. This is an immediate consequence of [4], Lemma 2.4.2, which says in 
particular that T1(A/k, A)OAB --* T1(B/k, I?) is an isomorphism. 
Now a more technical result: 
Lemma 3.3. LetA be a local k-algebra (with maximal ideal m) such that K = A/m is 
separable oner k and A + K = A/m admits a k-algebra section. Let Nbe the nilradical 
of A. Assume N # 0, N2 = 0, and that there is a K-subalgebra A0 of A such that 
A =A&N. 
Then A fails to be an L-algebra. 
Proof. Let K[e] be the algebra of dual numbers over K, considered as a k-algebra. 
By assumption, there exists a k-algebra surjection A + K[e] which splits (even over 
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K). By virtue of Proposition 2.3 (4) we have only to show: K[e] is not an L-algebra 
over k. Now K[X], the polynomial ring in one indeterminate over K is a formally 
smooth k-algebra such that RKIX)It is a free K[X]-module. Hence Corollary 2.2 
applies: Consider the presentation O+ Z + K[X]+ K[e]+ 0 of K[e], where Z = 
(X2). It is clear that X3 E D(Z) but X3 e I’, whence the required result. 
Proposition 3.4. Let A be a noetherian local k-algebra (with maximal ideal m ) such 
that K = A/m is separable over k and A + K = A/m admits a k-algebra section. 
Zf A is an L-algebra then A is reduced. 
Proof. Let N be the nilradical of A, and assume N f 0. Then A cannot be an 
L-algebra: First we may assume N* = 0, by Lemma 3.2: Now, if A is an L-algebra, 
then so is A = A/N, again by Lemma 3.2. Thus the infinitesimal extension 0 + N + 
A + A + 0 of A admits a split-embedding 0 + Q + B + A --f 0 by Proposition 1.1 (2). 
But by virtue of Lemma 3.3 B cannot be an Z.-algebra, hence A cannot be an 
L-algebra by Lemma 3.2, and we have the required contradiction. 
Now we are able to prove Theorem 3.1: Let k be a perfect field, and let A be a 
noetherian k-algebra. If A is an L-algebra then so is a,,,, the m-adic completion of A 
for every maximal ideal m of A, by virtue of Proposition 2.3 (3) and of Proposition 
2.4. Since k is perfect, a,,, admits a coefficient field containing k, and Proposition 3.4 
applies. 
Corollary 3.5. Let k be an arbitrary field, and let A be a noetherian k-algebra such that 
for every field extension k + K, AK = K @A is again noetherian (for example, let A be 
a localization of a k-algebra of finite type). Zf A is an L-algebra, then A is geometrically 
reduced (i.e. AK is reduced for all field extensions k + K). 
Proof. Theorem 3.1 combined with Proposition 2.3 (1). 
4. L-algebras which are homomorphic images of regular k-algebras 
Let R be a commutative ring, Z an ideal of R. Recall that Z is semi-prime if and 
only if Z = Jr, i.e. if and only if R/Z is reduced. 
Theorem 4.1. Let k be a perfect field, and let R be a noetherian formally smooth 
k-algebra, Z an ideal of R, and A = R/Z. Then A is an L-algebra if and only if Z is 
semi-prime and I* has no embedded primes. 
Proof. Assume first that A is an L-algebra. Then by Theorem 3.1 Z must be 
semi-prime. It remains to show that I* has no embedded primes. We may assume 
that R is local, hence RRIk free. Thus Corollary 2.2 applies, i.e. we have D(Z) = I’. 
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Now, I = n,“=, Pi, where PI,. . . , P,,, are the minimal primes lying over Z, and 
consequently I* = D(I) = ni”_ I D( Pi), which yields an irredundant primary decom- 
position of I*. Thus I2 has no embedded primes. 
Conversely, let Z be semi-prime, and assume that I2 has no embedded primes. Set 
M = I/I* and F = R/I*. Then 0 + M --, Fs A + 0 is a versa1 infinitesimal extension of 
A. By virtue of Proposition 1.1 (4) we have only to exhibit a split-embedding. Let T 
(resp. S) be the set of non zero divisors in F (resp. A). By assumption we have 
cp( T) = S, T = q-‘(S), since the associated primes of 0 in F and in A are exactly the 
minimal primes and correspond in a one to one manner via cp. Localization yields an 
embedding 
O-, M + F + A+0 
n n A 
O_, T-‘M+ T-‘F+S-IA + 0 
But S-‘A is a finite product of separable field extensions of k, hence a formally 
smooth k-algebra. Consequently the lower exact sequence admits a k-algebra 
section which can be shrunk to A and thus yields a split-embedding 
O-, A4 +F+A+O 
n n II 
O+T-lM+F+A+O 
whence the required result. 
Note that the proof of Theorem 4.1 includes a somewhat more general information: 
Corollary 4.2. Let k be a perfect field, R a (not necessarily noetherian) formally 
smooth k-algebra, P a prime ideal of R, A = R/P. 
Then A is an L-algebra if and only if P* is primary. In this case, if A is noetherian, it 
is analytically unramified. 
Proof. The proof is a simple specialization of the proof of Theorem 4.1. Clearly we 
need now no noetherian conditions. The last assertion follows from Theorem 3.1. 
Corollary 4.3. Let k be a perfect field, A a reduced k-algebra which has a versa1 
infinitesimal extension 0 + M + F + A + 0 such that F is noetherian. Zf AssA(M) 
consists only of minimal primes of A, then A is an L-algebra. 
Proof. One verifies immediately that AssA(M) consists only of minimal primes of A 
if and only if all associated primes of 0 in F are isolated. But then the second part of 
the proof of Theorem 4.1 applies. 
Finally, let us now restate one special case of Theorem 4.1 in a more suggestive 
setting: Let k[XI,. . .X”] be the polynomial ring in n indeterminates over the 
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(arbitrary) field k. Call an ideal Z c k[X,, . . . X,] a D-ideal if and only if for every 
p E k[Xl,. . . X,] the following holds: p E 1’ e p E Z and aP/aX, E Z for all i, where 
lCi4n. 
Corollary 4.4. Zf Z is a D-ideal, then Z = Jr and I* has no embedded primes. 
Conversely, if k is perfect, Z = Jr and I* has no embedded primes, then Z is a D-ideal. 
Proof. Taking in account Corollary 2.2 and Corollary 3.5, everything follows from 
the proof of Theorem 4.1. 
Now some examples: 
(1) Let k be a perfect field, A a reduced noetherian k-algebra which is locally a 
complete intersection in the following sense: For every maximal ideal m of A there is 
a (noetherian) regular local k-algebra R(m) and an ideal Z(m) of R(m) such that 
ht Z(m) =cardinality of a minimal set of generators for Z(m), and such that 
R(m)/Z(m) -A,. 
Then A is an L-algebra (and analytically unramified). (Note that Z(m)* is unmixed 
for all maximal ideals m of A). 
(2) Let k be an arbitrary field. Consider R = k[X, Y, 21, the polynomial ring in 3 
indeterminates over k, and the prime ideal 
P=(XZ-Y*, YZ-X3,Z2-X*Y) ofR. 
Set 
4=4(X, Y,z)=x5-3x2Yz+xY3+z3. 
Then 4 E D(P) but 4~ P*. A = R/P, which is a Cohen-Macaulay domain of Krull- 
dimension 1, is not an L-algebra over k. 
(3) Let k be a perfect field, R = k[X, Y], the polynomial ring in 2 indeterminates 
over k. A = k[X’, X3, Y, XY] c R is an L-algebra over k which is not Cohen- 
Macaulay (cf. [3]: the kernel P of the natural 4-variable polynomial presentation for 
A is a prime ideal such that P” = Pen’ for all n 2 1). 
(4) There are local Gorenstein-domains (of Krull dimension 1) containing fields 
which are analytically ramified (cf. [5], Theorem 14.16, and [6]). Hence, considered 
as algebras over the prime fields, they are not L-algebras. 
Note, that if you choose a free presentation 0 +P-,R+A+OofsuchanA bya 
polynomial algebra R over the field in question, then necessarily P* # PC*’ by 
Corollary 4.2. This yields a partial answer to a question raised by M. Hochster 
(cf. 131). 
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